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explicit exponential stability results are obtained. Q 1997 Academic Press
1. INTRODUCTION
There are several books and a lot of papers dealing with the stability of
 w x.delay differential equations see, for example, recent ones 1]3 .
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Stability of impulsive delay differential equations is a new research area
w x w xand there are only a few publications in this field 3]11 . The papers 3]5
deal with impulsive equations with constant delay and coefficients. It is
demonstrated there that if a non-impulsive equation is stable and absolute
values of impulses are less than the unit, then under some additional
conditions the impulsive equation is also stable.
w xThe papers 6]8 contain stability results for a non-autonomous equa-
tion under rather restrictive constraints on its parameters. For instance, in
w x7 it is assumed that coefficients of the equation are integrable over the
halfline.
w xIn the recent paper 11 the authors consider a nonlinear delay differen-
tial equation with nonlinear impulsive conditions. However, in the linear
 . w xcase we obtain here Theorem 2 less restrictive conditions than in 11 .
The present paper deals with non-autonomous impulsive equations
without assuming the corresponding non-impulsive equation being stable.
Each result obtained here naturally generalizes a well known stability
theorem for equations without impulses. The results are based on the
wBohl]Perron type theorem for delay impulsive equations presented in 6,
x8 . This theorem reduces stability of a functional differential equation to
the solvability of a certain operator equation of the second kind. The
operator equation is the result of an integral transform of the functional
differential equation.
For the first time the stability scheme for non-impulsive equations was
w x w xproposed in 12 , then this idea was developed in 13 . In the present paper
this scheme is applied to impulsive equations with delay.
The paper is organized as follows. Section 2 contains auxiliary results, in
particular, a solution representation formula and a Bohl]Perron type
theorem for impulsive equations. Sections 3 and 4 deal with exponential
stability results for an equation with one delay. Results obtained in Section
3 are better for small impulses; a result of Section 4 is more effective for
large values of impulses. Section 5 is concerned with equations containing
several delays.
In conclusion it is to be noted that stability criteria in most cases of
autonomous functional differential equations have been obtained by apply-
ing operational calculus methods, especially the Laplace transform. For
impulsive delay differential equations it is difficult to apply these methods.
The difficulties are connected with a mixed structure of such equations:
they are continuous and discrete at the same time. Since there are no
exact results then it is difficult to check the theorems obtained by the
examples. Thus it is useful to consider some limit cases. We present the
limit analysis for the obtained stability results. Besides, numerical analysis
has been carried out for an impulsive equation with constant delay and
coefficients, with the help of the developed C-language program. This
analysis confirmed stability results obtained in this paper.
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2. PRELIMINARIES
We consider a scalar impulsive delay differential equation
x t q A t x h t s f t , t G 0, x j s w j , if j - 0; 1 .  .  .  .  .  .  .Ç
x t s B x t y 0 , j s 1, 2, . . . , 2 .  . .j j j
under the following assumptions:
 .a1 0 s t - t - t - . . . are fixed points, lim t s `;0 1 2 jª` j
 . w .a2 A, f : 0, ` ª R are functions that are Lebesgue measurable
w .and essentially bounded on 0, ` ;
 . w .  .a3 h : 0, ` ª R is a Lebesgue measurable function, h t F t;
 .  .a4 w : y`, 0 ª R is a Borel measurable bounded function.
w .DEFINITION. An absolutely continuous in every interval t , t func-j jq1
 .  .  .tion is said to be a solution of the equation 1 , 2 if it satisfies Eq. 1
 .almost everywhere and satisfies the impulsive conditions 2 .
We assume that the solution is a right continuous function.
 .  .Together with the equation 1 , 2 one can consider an equation with an
arbitrary initial point t ) 0. In particular let us consider for a fixed s the0
following initial value problem
x t q A t x h t s 0, t G s, x j s 0, j - s ; .  .  .  .Ç
x t s B x t y 0 , t ) s ; x s s 1. .  . .j j j j
 .The solution X t, s of this problem is said to be a fundamental function
 .  .of 1 , 2 .
w x  .  .LEMMA 1 6 . Suppose a1 ] a4 hold. Then there exists one and only one
 .  .  .solution of the problem 1 , 2 with the initial ¨alue condition x 0 s a that0
can be presented as
t t
x t s X t , 0 x 0 q X t , s f s ds y X t , s A s w h s ds, .  .  .  .  .  .  .  .H H
0 0
w  .x  .where w h s s 0, if h s ) 0.
 .  .If in 1 , 2 the initial point is changed by an arbitrary number t ) 0,0
then the same representation formula is valid with the same fundamental
 .function X t, s . Only the lower bound of the integrals is to be changed
by t .0
 .We assume X t, s s 0, if t - s.
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 .  .DEFINITION. The equation 1 , 2 is said to be exponentially stable if
there exist positive numbers N and l such that the solution of the
 .  .  .homogeneous equation 1 , 2 f ' 0 with any initial point t satisfies the0
inequality
< < < < < <x t F N exp yl t y t x t q sup w j , 3 4 .  .  .  .  .0 0
j-t0
where N and l do not depend on t .0
w x  .LEMMA 2 7 . Let exist d ) 0, N ) 0, l ) 0 such that t y h t - d ,0 0
<  . <   .4  .  .X t, s F N exp yl t y s . Then the equation 1 , 2 is exponentially0 0
stable.
Our investigation is based on the following Bohl]Perron type theorem.
w xLEMMA 3 6 . Suppose there exist t G 0, r ) 0, s ) 0, d ) 0 such that0 0 0
 .  .  .r - t y t - s and t y h t - d . Let the solution of 1 , 2 , with an0 jq1 j 0
 .initial point t , w ' 0, x t s 0, be essentially bounded on the halfline0 0
w .together with its deri¨ ati¨ e for any essentially bounded on 0, ` right-hand
side f.
 .  .Then the problem 1 , 2 is exponentially stable.
3. STABILITY OF EQUATIONS WITH ARBITRARY
IMPULSIVE COEFFICIENTS
 .  .In this section the equation 1 , 2 , with B being of arbitrary sign isj
treated. To this end we need
LEMMA 4. Suppose 0 s m - m - . . . is a sequence such that 0 - r F0 1
< < yrm y m F s and B F B, Be - 1. Thenjq1 j j
 .1 there holds
s
< <¨rai sup exp y s y t B dt 4 . H j
0 t-m Fss)0 j
 4 ysmax 1, B 1 y e .
F . 4 .yr1 y e B
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 . < <2 If in addition B F 1 thenj
s 1
< <¨rai sup exp y s y t B dt F , 5 4 .  .H j 1 y ln Brs B .0 t-m Fss)0 j
 . < <3 and if B G 1 thenj
s B
< <¨rai sup exp y s y t B dt F . 6 4 .  .H j 1 y ln Brr0 t-m Fss)0 j
Proof. Consider a function
s
< <f s s exp y s y t B dt , s g m , m . 4 .  . .H j i iq1
0 t-m Fsj
In this interval the product does not depend on s hence
s
< <f s s exp y s y t B dt , s g m , m , 7 4 .  . .  .H j i iq1
0 t-m Fmj i
therefore
s
< <f 9 s s 1 y exp y s y t B dt , s g m , m , 8 4 .  . .  .H j i iq1
0 t-m Fmj i
 .  .If there exists an extremal point s g m , m of f then 8 yields0 i iq1
s0
< <exp y s y t B dt s 1. 4 . H 0 j
0 t-m Fmj i
Therefore
¨rai sup f s F max 1, sup f m , sup f m y 0 . .  .  . 5i iq1
s)0 i i
We have
miq1
< <sup f m y 0 s sup exp y m y t B dt . 4 .  . Hiq1 iq1 j
0 t-m Fmi i j i
Denote
miq1
< <c s exp y m y t B dt , c s sup c . 4 . Hi iq1 j i
0 t-m Fm ij i
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yr  ys .Let us prove c F e Bc q 1 y e , i s 0, 1, 2, . . . . For c we havei 0
m1 ysc s exp y m y t dt F 1 y e . 4 .H0 1
0
Besides,
miq1
< <c s exp y m y t B dt 4 . Hiq1 iq2 j
0 t-m Fmj iq1
miq2
q exp y m y t dt 4 .H iq2
miq1
miq1
< <s exp y m y m B exp y m y t 4  4 .  .Hiq2 iq1 iq1 iq1
0
= < <B dt q 1 y exp y m y m . 4 . j iq2 iq1
t-m Fmj i
Thus the induction assumption for c and the inequality eyr B - 1 implyi
c F eyr Bc q 1 y eys F eyr Bc q 1 y eys . .  .iq1 i
yr  ys .Since c F e Bc q 1 y e for each i s 0, 1, 2, . . . , theni
c F eyr Bc q 1 y eys and c 1 y eyr B F 1 y eys , .  .
which implies
m
ys1 y e .iq1
< <c s sup exp y m y t B dt F . 4 . H iq1 j yr1 y e B0 t-m Fmi j i
If we denote
mi
< <d s exp y m y t B dt , d s sup d , 4 . Hi i j i
0 t-m Fm ij i
then the same calculation as above implies the estimate
m1 ys< <d s exp y m y t B dt F B 1 y e , 4 .  .H1 1 1
0
m
ysB 1 y e .i
< <d s sup exp y m y t B dt F . 4 . H i j yr1 y e B0 t-m Fmi j i
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If B ) 1 then
B 1 y eys .
) 1.yr1 y e B
Hence
B 1 y eys .
 4¨rai sup f s F max 1, c, d F . . yr1 y e Bs)0
  ..If B F 1 then see 8
s
ysf 9 s G 1 y exp y s y t dt s e ) 0. 4 .  .H
0
w .Thus f is an increasing function on m , m . Thereforei iq1
1 y eys
¨rai sup f s s sup f m y 0 s c F . .  .iq1 yr1 y e Bs)0 i
 .Inequality 4 is proved.
 xDenote by N the number of points m in the interval t , m . Thenj i
m y t m y ti iF N F q 1.
s r
Hence
ln B
< < < <B F exp m y t for B F 1, 9 .  . j i j 5st-m Fmj i
and
ln B
< < < <B F B exp m y t for B G 1. 10 .  . j i j 5rt-m Fmj i
< < w .  .If B F 1 then f is an increasing function on m , m . Therefore 9j i iq1
implies
s
< <¨rai sup exp y s y t B dt 4 . H j
0 t-m Fss)0 j
miq1
< <s sup exp y m y t B dt 4 . H iq1 j
0 t-m Fmi j i
m ln Biq1
F sup exp y m y t exp m y t dt 4 .  .H iq1 i 5s0i
mln B iq1
s sup exp y m y m exp y m y t 4 .  .Hiq1 i iq1 5s 0i
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=
ln B
exp m y t dt .iq1 5s
 .m ym rsiq1 i m1 ln Biq1
s sup exp y 1 y m y t dt .H iq1 5 /  /B s0i
1
F .
B 1 y ln Brs .
< <  .Suppose now B G 1 and f is defined by 7 . We have as abovej
¨rai sup f s F max 1, sup f m , sup f m y 0 .  .  . 5i iq1
s)0 i i
and
miq1
< <sup f m y 0 s sup exp y m y t B dt 4 .  . Hiq1 iq1 j
0 t-m Fmi i j i
miq1
< <F sup exp y m y t B dt 4 . H iq1 j
0 t-m Fmi j iq1
s sup f m . .i
i
 .Hence 10 implies
s
< <¨rai sup exp y s y t B dt 4 . H j
0 t-m Fss)0 j
mi
< <s max 1, sup exp y m y t B dt 4 . H i j 50 t-m Fmi j i
m ln Bi
F max 1, sup exp y m y t B exp m y t dt 4 .  .H i i 5 5r0i
B B
F max 1, s . 51 y ln Brr 1 y ln Brr
The proof of the lemma is complete.
THEOREM 1. Let there exist B ) 0, a ) 0, r ) 0, s ) 0, j G 0 such1
that
t jq1
< <B F B , r F A s ds F s , j G j , .Hj 1
t j
0 - r F s - `, Beyr - 1,
t
lim inf A t ) a, ¨rai sup A s ds - `, .  .H
tª`  .h tt)0
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and, besides, at least one of the following hypotheses hold:
 .1
t
< <lim sup A s ds q lim sup 1 y B . H j
tª` tª` .h t  .h t -t Ftj
yr  4 ys- 1 y e B rmax 1, B 1 y e ; .  .
 . < <2 there exists j G 0 such that B F 1 for j G j and2 j 2
ln Bt
< <lim sup A s ds q lim sup 1 y B - 1 y B ; . H j  /stª` tª` .h t  .h t -t Ftj
 . < <3 there exists j G 0 such that B G 1 for j G j and2 j 2
ln Bt y1< <lim sup A s ds q lim sup 1 y B - 1 y B . . H j  /rtª` tª` .h t  .h t -t Ftj
 .  .Then the equation 1 , 2 is exponentially stable.
Proof. The hypotheses of the theorem imply that there exist t G 0,0
a ) 0, and an integer j G 0 such that the following conditions hold:0
< <B F B, if j G j ,j 0
t jq1
r F A t dt F s , j G j , 11 .  .H 0
t j
A t ) a, t G t , 12 .  .0
and either
1 y eyr Bt
< <¨rai sup A s ds q ¨rai sup 1 y B - . H j ys 4max 1, B 1 y e . .h tt)t t)t  .h t -t Ft0 0 j
13 .
or
< <B F 1, j G j ,j 0
ln Bt
< <¨rai sup A s ds q ¨rai sup 1 y B - 1 y B 14 .  .H j  /s .h tt)t t)t  .h t -t Ft0 0 j
or
< <B G 1, j G j ,j 0
ln Bt y1< <¨rai sup A s ds q ¨rai sup 1 y B - 1 y B 15 .  .H j  /r .h tt)t t)t  .h t -t Ft0 0 j
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hold. Without loss of generality we can assume that t F t - t . Thej y1 0 j0 0
 .  .inequality 12 implies that the function m t defined as
t
s s m t s A t dt 16 .  .  .H
t0
 .is increasing and lim m t s `.t ª`
 .  .Consider the equation 1 , 2 with the initial point t :0
x t q A t x h t s f t , t G t , x j s w j , if j - t ; 17 .  .  .  .  .  .  .Ç 0 0
x t s B x t y 0 , j G j . 18 .  . .j j j 0
 .  . w xLet us make in 17 , 18 the following substitution 15
t  .h t
s s m t s A t dt , y s s x t , r s s A t dt ; .  .  .  .  .  .H H
t t0 0
19 .
t jy1c j s w m j , j - 0, m s A t dt , j G j . .  .  .Hj 0
t0
Thus we obtain the equation
y s q y r s s g s , s G 0, y j s c j , if j - 0; 20 .  .  .  .  .  .Ç
y m s B y m y 0 , j G j , 21 .  . .j j j 0
 .  .  .  .  .wherein g s s f t rA t . The equalities 19 yield r s F s.
 .  .Suppose that the solution of 20 , 21 for g ' 0 has the exponential
estimate with N ) 0, l ) 0:
< < < < < < 4y s F N exp yls y 0 q sup c s . .  .  . /
s-0
 .  .  .Then for the solution x of 17 , 18 f ' 0 the following inequality holds
t
< < < < < <x t F N exp yl A t dt x t q sup w j , t G t . .  .  .  .H 0 0 / 5
t j-t0 0
 .This inequality and 12 imply
< < < < < <x t F N exp yla t y t x t q sup w j , t G t . 4 .  .  .  .0 0 0 /
j-t0
 .  .Therefore the exponential stability of 20 , 21 implies the exponential
 .  .  .stability of 1 , 2 . Thus it is enough to demonstrate that the problem 20 ,
 .21 is exponentially stable.
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To this end we apply Lemma 3. Since
t
s y r s s A t dt , .  .H
 .h t
then by the hypotheses of the theorem for a certain d ) 0 we have
 .  .s y r s - d . Besides, if in Eq. 20 the right-hand side g and the solution
y are essentially bounded, then the derivative y is also essentially bounded.Ç
 .Finally, 11 yields
r F m y m F s , j G j .jq1 j 0
So it remains to prove that for any function g that is essentially bounded
w .  .  .  .on 0, ` , the solution of 20 , 21 , with c ' 0, y 0 s 0, is also essentially
bounded.
 .The equality 20 can be rewritten in the form
y s q y s y y s y y r s s g s . 22 .  .  .  .  .  . .Ç
w xLet us apply the equality 7
s
y s s y 0 q y t dt q D y m , .  .  .  .Ç H j
0 m Fsj
 .  .  .  .where D y m s y m y y m y 0 . The impulsive conditions 21 yieldj j j
s
y s s y 0 q y t dt q B y 1 y m y 0 , .  .  .Ç  .  .H j j
0 m Fsj
therefore
 .r s
y r s s y 0 q y t dt q B y 1 y m y 0 . .  .  .Ç  .  .H j j
0  .m Fr sj
 .After substituting these expressions into 22 one obtains
s
y s q y s y y t dt y B y 1 y m y 0 s g s . .  .  .  .Ç Ç  .  .H j j
 .r s  .r s -m Fsj
23 .
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 .  .By substituting y from 20 in 23 under the integral we obtainÇ
s
y s q y s y y r t dt y B y 1 y m y 0 s p s , .  .  .  .Ç  .  .H j j
 .r s  .r s -m Fsj
24 .
 .  . s  . w .where p s s g s q H g t dt . It is to be noted that if g g L 0, ` ,r  s. `
 . w . w x w .then s y r s - d implies p g L 0, ` , where 14 L 0, ` is a space of` `
w . 5 5essentially bounded in 0, ` functions with standard norm y sL`
<  . <¨rai sup y t .t ) 0
Consider an auxiliary problem
y s q y s s z s , s G 0, y 0 s 0, y m s B y m y 0 . .  .  .  .  .Ç  .j j j
w xThe solution of this problem can be presented as 4
s
y s s exp y s y t B z t dt . 25 4 .  .  .  .H j
0 t-m Fsj
 .  .By applying 25 we rewrite 24 in the form
s
y s q exp y s y t 4 .  .H
0
t
= B y r j dj y B y 1 y m y 0 dt .  .  . Hj j j
 .r tt-m Fs  .j r t -m Ftj
s q s , 26 .  .
where
s
q s s exp y s y t B p t dt . 27 4 .  .  .  .H j
0 t-m Fsj
w .  . w .Let p g L 0, ` . Then the function defined by 27 is also in L 0, ` .` `
< < < <For B F 1 it is obvious. Let B G 1. Thenj j
< <  syt .r rq1B F B , 28 . j
t-m Fsj
therefore
s
< < < <q s F B exp y 1 y ln Brr s y t p t dt . 4 .  .  .  .H
0
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By the hypotheses of the theorem, 1 y ln Brr ) 0. Therefore in this case
w .also q g L 0, ` .`
 .  . w .  .Suppose that in 20 , 21 , g g L 0, ` , c ' 0, y 0 s 0. Then the`
 .solution of this equation coincides with the solution of 26 with q g
w .L 0, ` .`
 .Denote by K the integral operator in 26 . Then
5 5 < < < <Ky F ¨rai sup s y r s q ¨rai sup B y 1 . L j`
s)0 s)0  .r s -m Fsj
s
< < 5 5= ¨rai sup exp y s y t B dt y . 4 . H Lj `
0 t-m Fss)0 j
We will prove the inequality
5 5 < < < <Ky F ¨rai sup s y r s q ¨rai sup B y 1 . L j`
s)0 s)0  .r s -m Fsj
s
< <=¨rai sup exp y s y t B dt - 1. 29 4 .  .H j
0 t-m Fss)0 j
We note that
< < < <¨rai sup s y r s q ¨rai sup B y 1 .  j
s)0 s)0  .r s -m Fsj
t
< <s ¨rai sup A s ds q ¨rai sup B y 1 . . H j
 .h tt)t t)t  .h t -t Ft0 0 j
 .  .  .  .  .By Lemma 4 inequalities 13 ] 15 and 4 ] 6 yield the inequality 29 .
 . w . w .Then the solution of Eq. 26 is in L 0, ` . Thus for g g L 0, ` the` `
 .  .  . w .solution of 20 , 21 , with c ' 0, y 0 s 0, is also in L 0, ` . By Lemma 3`
 .  .the equation 20 , 21 is exponentially stable. Hence, as was mentioned
 .  .above, the equation 1 , 2 is also exponentially stable. This completes the
proof of the theorem.
We apply the above result to the stability analysis of the autonomous
equation
x t q ax t y h s f t , t G 0, x j s w j , j - 0, 30 .  .  .  .  .  .Ç
 .with the impulsive conditions 2 .
COROLLARY. Let a ) 0, h G 0. Suppose, further, that there exist num-
bers B ) 0, r ) 0, s ) 0 such that0 0
< < ya r 0B F B , r F t y t F s , Be - 1j 0 jq1 j 0
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and at least one of the following hypotheses holds
 .  .  .1 the parameters of 30 , 2 satisfy
1 y eya r 0 B
< <ah q lim sup 1 y B - ; j yas 0 4max 1, B 1 y etª`  .tyh-t Ftj
 . < <2 there exists j G 0 such that B F 1, j G j, andj
ln B
< <ah q lim sup 1 y B - 1 y B ; j  /astª` 0tyh-t Ftj
 . < <3 there exists j G 0 such that B G 1, j G j, andj
ln B
y1< <ah q lim sup 1 y B - 1 y B . 31 . j  /artª` 0tyh-t Ftj
 .  .Then the equation 30 , 2 is exponentially stable.
 .  .Consider the limit cases for the parameters of 30 , 2 .
If B ª 1, then the limit case is the equation without impulses. Thej
 .inequality 31 in this case takes the form ah - 1. It is well known that this
 .inequality guarantees the exponential stability of Eq. 30 .
If h ª 0, then the limit case is an ordinary impulsive differential
< <  .  .equation. If B F 1, then by the corollary the equation 30 , 2 isj
< <exponentially stable for any a ) 0. If B G 1, then the exponentialj
stability is provided by ln B - ar .0
4. STABILITY FOR EQUATIONS WITH POSITIVE
IMPULSIVE COEFFICIENTS
 .  .In this section we consider the equation 1 , 2 under the assumption
that B ) 0.j
THEOREM 2. Suppose there exist j ) 0, d ) 0, b ) 0 such that B ) 0,0 j
 . nif j G j , t y h t - d ,  B - b , if n ) m G j and, besides, the in-0 jsm j 0
equalities
1 t
A t G 0, lim inf A t dt ) 0, .  .Ht y st , sª` s
3t y1lim sup A s B ds - . H j 2tª`  .h t  .h s -t Fsj
 .  .hold. Then the equation 1 , 2 is exponentially stable.
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Proof. Consider for a fixed s two problems,
x t q A t x h t s 0, t G s, x j s 0, j - s ; .  .  .  .Ç
32 .
x t s B x t y 0 , t ) s, x s s 1; .  . .j j j j
and
y1y t q A t B y h t s 0, t G s, .  .  .Ç  j
 .h t -t Ftj 33 .
y j s 0, j - s, y s s 1. .  .
 .  .The solution X t, s of the problem 32 is a fundamental function of
 .  .  .  .1 , 2 . The solution Y t, s of the problem 33 is a fundamental function
of the non-impulsive equation
y1y t q A t B y h t s g t , t G 0, .  .  .  .Ç  j
 .h t -t Ftj 34 .
y j s c j , j - 0. .  .
 .  .One can immediately check that the fundamental functions of 1 , 2 and
 .of 34 are connected by the relation
X t , s s Y t , s B . .  .  j
s-t Ftj
w xThe hypotheses of the theorem provide 16]18 the exponential estimate
 .for the fundamental function of 34 ,
< <Y t , s F M exp ym t y s , t G s G 0, 4 .  .
where M and m are positive constants. Consequently, for the fundamental
 .  .  .function X t, s of 1 , 2 the following estimate is valid:
< <X t , s F bM exp ym t y s , t G s G 0. 4 .  .
 .  .Therefore by Lemma 2 the equation 1 , 2 is exponentially stable.
 .  .Remark. For B ª 1 the limit case of the equation 1 , 2 is the delayj
 .non-impulsive equation 1 . In this case the hypotheses of the theorem
take the form
3t
A s ds - , .H 2 .h t
w xwhich is known 16]18 to be a non-improvable condition for the exponen-
tial stability of this equation.
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For B ª 0 the conditions of the equation do not hold if, for instance,j
 .A t is constant. This means that Theorems 1 and 2 are applicable for
different ranges of parameters.
5. EQUATIONS WITH SEVERAL DELAYS
In this section we generalize Theorem 1 to the case of several delays. To
this end consider the equation
m
x t q A t x h t s f t , t G 0, x j s w j , j - 0; .  .  .  .  .  .Ç  k k
ks1
35 .
x t s B x t y 0 , j s 1, 2, . . . . 36 .  . .j j j
 .  .  .  .We assume that for equation 35 , 36 conditions similar to a1 ] a4
hold.
 .  .Lemmas 1]3, which are given here for equation 1 , 2 , are also valid
 .  .for 35 , 36 , if we change their statements correspondingly.
THEOREM 3. Let there exist B ) 0, a ) 0, r ) 0, s ) 0, j G 0 such1
that
mt jq1
< <B F B , r F A s ds F s , j G j , .Hj k 1
t j ks1
0 - r F s - `, Beyr - 1,
m
lim inf A t ) a, . k
tª` ks1
m
t
¨rai sup A s ds - `, k s 1, . . . , m. .H i
 .h tt)0 k is1
Besides, let at least one of the following conditions hold:
 .  .  .1 the parameters of 35 , 36 satisfy
m m< <A t . tk
lim sup A s ds . H im A ttª`  .  .h tis1 i kks1 is1
m yr1 y e B
< <q lim sup 1 y B - ;  j ys 4max 1, B 1 y etª`  .ks1  .h t -t Ftk j
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 . < <2 there exists j G 0 such that B F 1 for j G j and2 j 2
m m< <A t . tk
lim sup A s ds . H im A ttª`  .  .h tis1 i kks1 is1
m ln B
< <q lim sup 1 y B - 1 y B ;  j  /stª` ks1  .h t -t Ftk j
or
 . < <3 there exists j G 0 such that B G 1 for j G j and2 j 2
m m< <A t . tk
lim sup A s ds . H im A ttª`  .  .h tis1 i kks1 is1
m ln B
y1< <q lim sup 1 y B - 1 y B .  j  /rtª` ks1  .h t -t Ftk j
 .  .Then the equation 35 , 36 is exponentially stable.
Proof. This is very similar to the proof of Theorem 1, so we present
here only its main steps.
First of all, the limit inequalities in the statement of the theorem can be
changed by the inequalities without the limit that holds for j G j and0
t G t G 0. Here j and t are fixed numbers.0 0 0
 .  .Let us make the following substitution in equation 35 , 36 with initial
point t0
m
t
s s n t s A t dt , y s s x t , .  .  .  .H k
t0 ks1
37 .m .h tkr s s A t dt . .  .Hk i
t0 is1
Then we obtain the equation
m A t .k
y s q y r s s g s , s ) 0, 38 .  .  .  . .Ç  km A t .is1 iks1
y j s c j , j - 0, .  .
y m s B y m y 0 , j s 1, 2, . . . , 39 .  . .j j j
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where
f t .
g s s , . m A t .ks1 k
mt jy1c j s w n j , j - 0, m s A t dt . .  .  .Hj k
t0 ks1
 .Equation 38 can be rewritten as
m A t .k
y s q y s y y s y y r s s g s , s ) 0. .  .  .  .  .Ç  . km A t .is1 iks1
After the substitution
s
y s s y 0 q y t dt q B y 1 y m y 0 , .  .  .Ç  .  .H j j
0 m Fsj
 .r sky r s s y 0 q y t dt q B y 1 y m y 0 .  .  . . Ç  .  .Hk j j
0  .m Fr sj k
 .and after substituting y from 38 the latter equation takes the formÇ
m sA t A t .  .k k
y s q y s q y r s dt .  .  .Ç  H km m A t  A t .  . .r sis1 i is1 ikks1
q 1 y B y m y 0 s q s , 40 .  . .  . j j
 .r s Fm Fsk j
wherein
m sA t .k
q s s g s q g t dt . .  .  . Hm A t .  .r sis1 i kks1
 .By applying to 40 the same integral transform as in the proof of
Theorem 1 we obtain the equation of the type y q Hy s q, where q g
w . w .L 0, ` for g g L 0, ` . Like in the proof of Theorem 1 the hypotheses of` `
5 5 w .the theorem yield the estimate H - 1 in the space L 0, ` . Conse-`
 . w .quently, the solution of Eq. 40 is in L 0, ` . Then as in the proof of`
 .  .Theorem 1 one obtains that the equation 35 , 36 is exponentially stable.
Consider the autonomous equation
m
x t q a x t y h s f t , t G 0, x j s w j , j - 0; 41 .  .  .  .  .  .Ç  k k
ks1
 .with the impulsive conditions 36 .
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COROLLARY. Let m a ) 0, h G 0. There exist numbers B ) 0, r )ks1 k k 0
0, s ) 0 such that0
m
< <B F B , B exp yr a - 1, r F t y t F s ,j 0 k 0 jq1 j 0 5
ks1
and at least one of the following hypotheses hold:
 .  .  .1 the parameters of 41 , 36 satisfy
m m
< < < <a h q lim sup 1 y B  k k j
tª`ks1 ks1 tyh -t Ftk j
1 y exp yr m a B 40 ks1 k
- ;m 4max 1, B 1 y exp ys  a 4 .0 ks1 k
 . < <2 there exists j G 0 such that B F 1, j G j andj
m m ln B
< < < <a h q lim sup 1 y B - 1 y B ;  k k j m /s  atª` 0 ks1 kks1 ks1 tyh -t Ftk j
or
 . < <3 there exists j G 0 such that B G 1, j G j andj
m m ln B
y1< < < <a h q lim sup 1 y B - 1 y B .  k k j m /r  atª` 0 ks1 kks1 ks1 tyh -t Ftk j
 .  .Then the equation 41 , 36 is exponentially stable.
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